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A systematic analysis of decoherence rates due to electron–phonon interactions for optical transitions of rare-
earth dopant ions in crystals is presented in the frame of the point charge model. For this model, the large value
of any one of the matrix elements of the unit tensor operator U(k) of rank k for transitions within the 4f-electronic
configuration, viz. U2, U4 or U6, is enough to ensure the strong optical transition between different levels, while
the Stark–Stark transitions within the multiplet can be characterized by the matrix element U2 alone, the
influence of elements U4, U6 being of much smaller order of magnitude and neglected. The circumstance that
exactly such Stark–Stark transitions within the multiplet define the efficiency of electron–phonon interaction and,
consequently, the decoherence rate (except for the case of lowest, less than approximately 2–4K, temperatures),
enables selection of optical transitions which are strong enough and at the same time are characterized by
relatively small decoherence rates. Correspondingly, these optical transitions, provided that they lie in an
appropriate spectral range and the gap to the nearest neighboring energy level is large enough (>500 cm�1) to
prevent eventual fast phonon-assisted relaxation, should be considered as prospective for subsequent use in
quantum informatics processing and communication. The list of such pre-selected transitions is given; the
applicability area and limitations of our approach are discussed.
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1. Introduction

Optical transitions in rare-earth (RE) dopant ions in
crystals have for a long time been used to study
coherent optical phenomena. Hence, not surprisingly,
they almost from the very appearance of the field of
quantum information processing (QIP) and communi-
cation started to be considered as a prospective
hardware in this field [1]. A number of approaches
implying their exploration for these and related topics
(such as quantum memory [2] or preparation of light-
condensed state quantum interface [3]) has been
proposed. We cite, e.g. [4–10], just a few important
initial papers, which were followed by numerous
subsequent publications.

These proposals are built on different ideas, which,
of course, put forward also rather different require-
ments for optical transitions to be exploited to realize
these ideas and achieve the corresponding goals. It is
impossible and not relevant for the present paper to
discuss all these requirements in detail, but, of course,
long decoherence time and convenient spectral range

are practically always amongst them. Naturally, this
circumstance has been recognized, and in the literature
a number of papers discussing aspects of the problem
can be found (see [2,11–13] and especially recent books
[14,15]). However, it should be noted that almost
exclusively only optical transitions originating from the
ground state of a RE ion have been analyzed, and it
appears that not even all of them were indeed studied.
Strange as it may seem, our search shows that the
systematic analysis of numerous optical transitions in
rare-earth dopant ions aiming their ‘pre-selection’
exactly from this point of view, i.e. which transitions,
lying in a practically accessible spectral range and
sufficiently intense, at the same time at certain condi-
tions are characterized by large decoherence
(dephasing) time, is apparently still lacking in the
literature.

In this note we would like to start such an analysis.
We limit ourselves to the spectral line broadening
caused by electron–phonon interactions. Thus our
analysis is not applicable for the lowest temperatures,
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smaller than approximately 2–4 K for the most crystals
and rare earth ions, where not electron–phonon
broadening but other factors (such as ion–ion or
magnetic interactions) are usually of the uttermost
importance, and it is not relevant for irregular media
and glasses where low-frequency tunneling processes
caused by so-called two-level systems (TLS) are very
important. Also our picture, where electron–phonon
interaction is considered in the frame of the point
charge model, which is not always able to catch all
important parameters of concrete optical transitions in
real crystals, is evidently a rather simple one, and we
insist that this is really a pre-selection only; a detailed
theoretical and experimental study of any optical
transition aspiring to be suitable for QIP is actually
needed.

Still, we hope that the proposed approach will be
useful for specialists in the field. First, this is because
the model presented, and this is a good side of its
simplicity, is general enough and quite transparent so
our conclusions and findings are clear and easy to
implement, while the results can be verified by exper-
imental data. Second, our simple model nevertheless
goes beyond the usually applicable, and inappropriate
for the quantum informatics field, ‘zero-order’ approx-
imation based only on the gap in the Stark level picture
of rare-earth ions in crystals, ignoring all other
important characteristics of these ions.

As an exception of this oversimplified energetic gap
law approach we can indicate papers [16,17] where
symmetric non-monotonic changes of the ion–ligand
electromagnetic interaction intensity (spectral broad-
ening and vibronic transition strength) for the family
of lanthanide ions were presented. Discovering the
decrease of electron–phonon interaction along the RE
row, the authors, however, did not go on to address the
characteristics of the electron levels and optical
transitions.

Yet the electron–phonon interaction strength does
not just change along the rare-earth row but directly
depends on the type of electron levels involved in the
transition, as we pioneered in demonstrating in [18] for
multiphonon non-radiative relaxation of RE ions in
crystals. These observations led us to develop the
present model, where we tried to consistently trace
back the connection between the rates of direct one-
phonon relaxation transitions within Stark sublevels of
a multiplet and the electron matrix elements, U2, U4
and U6, which characterize the term’s electron prop-
erties. In so doing, we put aside the type of the crystal
lattice and the value of Stark splitting. On the basis of
the model, we suggest an algorithm for finding the
most perspective ions and transitions of minimal
dephasing, relatively long quantum states lifetime,
and optical transitions dipole or quadrupole moments

large enough to expect strong coherent interaction of

RE ions with each other and with resonant laser

radiation. The next step should be the choice of a

suitable crystal matrix in which the induced optical

electro-dipole intermultiplet transitions of RE dopants

could be amplified, while the relaxation of one- and

multiphonon, decohering, transitions would be

weakened.

2. Theoretical framework

The general theory of the broadening of electronic

transitions in rare-earth ions in solids caused by an

electron–phonon interaction is nowadays rather well

established and a good exposition can be found, for

example, in [14–17,19–24]. For this reason, in this

section we give only a very short presentation of the

theoretical framework, limiting it to the minimum

necessary for our subsequent analysis.
The density matrix formalism gives the most

consistent description of relaxation processes [25–27].

The equation for density matrix � of a quantum

dynamical subsystem with discrete states (atom, ions,

molecules, quantum dots, electron or nuclear spins,

etc.), which interacts with a dissipative medium (ther-

mal bath), can be written as [27]:

_�ðtÞ ¼ �
i

�h
½H0,�ðtÞ� �

1

�h2

ð1
0

Spf ½Vð0Þ, ½Vð��Þ,�T�ðtÞ��d�:

ð1Þ

Hereafter we will refer to this subsystem as an

electronic subsystem, and to its interaction with the

thermostat as an electron–phonon interaction (EPI),

aiming at future application of the theory to rare-earth

ions in a crystal. In Equation (1), H0 is the

Hamiltonian of a RE ion in a static crystal field (CF),

�T ¼ expð�HL=kT Þ=Spf expð�HL=kT Þ ð2Þ

is the thermal-equilibrium density matrix of the lattice

(thermal bath) Hamiltonian HL and temperature R,

subscript f in Spf indicates a summation over thermal

bath variables f and

VðtÞ ¼ expfiðH0 þHLÞt=�hg V expf�iðH0 þHLÞt=�hg:

ð3Þ

In Equation (3) the Hamiltonian of EPI V is defined as:

V ¼ H0 � hH0i, ð4Þ

where H0 is the Hamiltonian of the interaction of

dynamic and dissipative subsystems (hereafter angle

brackets denote the averaging over the thermostat:

hAi ¼ Spf�TA), thus hVi ¼ 0. The thermal mean value
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hH0i enters H0 and is responsible for the temperature

shift of electronic levels.
It should be noted that Equation (1) is valid for the

case when one can neglect the transformation of the

Hamiltonian HL due to the electron transitions. The

Huang–Rhys–Pekar parameter S of electron–phonon

coupling is the quantitative measure of this transfor-

mation [21]. RE ions belong to the systems with

extremely weak electron–phonon coupling, S� 1. For

example, the calculations of Malkin [24] give

S¼ 0.0028 for Er3þ (transition 4F5/2–
4F7/2) and

S¼ 2.6–4.3� 10�4 for Nd3þ (transition 2H11/2–
4G5/2)

in a LiYF4 crystal. For comparison, in F-centers, for

which such parameters have been first defined, param-

eter S � 10.
If the width of the electron transition g, g0 is

much smaller than the transition frequency !gg0 ,

Equation (1) gives the balance equations:

_�gg ¼ �
X
g0

Wgg0�gg þ
X
g0

Wg0g�g0g0 ð5Þ

for diagonal elements of the density matrix (level

populations), and

_�gg0 ¼ �ið!gg0 þ D!gg0 Þ�gg0 � �gg0�gg0 , ð g 6¼ g0Þ ð6Þ

for non-diagonal elements of the density matrix. The

value D!gg0 here is the relaxation shift of the line.
In balance Equations (5), �gg is the population of

the gth state of the electron subsystem, Wgg0 is the

probability of the relaxation transition g! g0 induced

by interaction V. In Equations (6) for the non-diagonal

elements of the density matrix

�gg0 ¼ �
ðrel Þ
gg0 þ �

ðad Þ
gg0 , ð7Þ

where

�ðrel Þgg0 ¼
1

2

X
g00

ðWgg00 þWg0g00 Þ, ð8Þ

is a contribution to the relaxation transition line width

(relaxation broadening), and

�ðad Þgg0 ¼

ð1
�1

Vggð�Þ � Vg0g0 ð�Þ
� �

Vgg � Vg0g0
� �� �

d� ð9Þ

is the so-called adiabatic broadening (or pure

dephasing).
The value �gg0 ¼ 1/Tgg’ is equal to the rate of

dephasing of a non-diagonal element of the density

matrix:

�gg0 ðtÞ ¼ exp½�ið!gg0 þ D!gg0 Þt� t=Tgg0 ��gg0 ð0Þ: ð10Þ

Specifically, Tgg0 is the time of the free-induction decay

for homogeneous lines.

According to Equation (6), the normalized zero-
phonon line (ZPL) of the transition g, g0 has the
Lorentzian form:

Ggg0 ð�Þ ¼
1

�

�gg0

ð!gg0 þ D!gg0 ��Þ2 þ ð�gg0 Þ
2

ð11Þ

with the homogeneous full width at half maximum
(FWHM) equal to 2�gg0 .

2.1. Adiabatic phonon-induced broadening

As can be seen from Equation (9), adiabatic broaden-
ing �ðad Þgg0 is defined by the spectral density at zero fre-
quency dependent on the correlator h½Vggð�Þ�Vg0g0 ð�Þ��
½Vgg�Vg0g0 �i, which, in turn, depends on the difference
between the diagonal elements of the matrix of
electronic perturbations V.

Let us introduce Taylor expansion of the interac-
tion potential V:

V¼
X

V
ð1Þ
S�u
ðSÞ
� þV

ð2Þ
S�,S0�0

�
uðSÞ� u

ðS0Þ
�0 � hu

ðSÞ
� u
ðS0Þ
�0 i

�
þ�� �

¼
X @V

@uðSÞ�
uðSÞ� þ

1

2

@2V

@uðSÞ� @u
ðS0Þ
�0

�
uðSÞ� u

ðS0Þ
�0 � hu

ðSÞ
� u
ðS0Þ
�0 i

�
þ�� �

ð12Þ

where uðSÞ� is the �th component of the displacement
vector uS ¼ uSðLÞ � uðREÞ, u(RE) and uS(L) are the
displacements of the RE ion and the Sth ligand from
their equilibrium positions; the summing is over the
(nearest) ligands and displacement vector components.
In the harmonic approximation of lattice vibrations,
linear with respect to a small displacement of lattice
ions from their equilibrium positions terms V(1)u affect
�ðad Þgg0 only in the second order of the perturbation
theory [23]. In the Debye model of lattice vibrations,
contribution to �ðad Þgg0 from quadratic terms V(2)u2 leads
to the temperature dependence given by McCumber
and Sturge formula [19]:

�ðad Þgg0 ¼ Cgg0
T

�

� �7ð�=T
0

x6 expðxÞ½expðxÞ � 1��2 dx, ð13Þ

where � is the Debye temperature. This contribution
acts together with the direct relaxation processes (see
the next section) and dominates when there is no Stark
splitting of the levels in the crystal field.

2.2. Relaxation phonon-induced broadening

The relaxation broadening depends on non-diagonal
matrix elements of the perturbation V. For trivalent
rare-earth ions having a branched Stark-level structure
which spectrum is dipped into the phonon spectrum of
crystalline host, the predominant contribution to the

168 T.T. Basiev et al.
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relaxation probabilities Wgg0 is given, in general, by

one-phonon (direct) transitions between Stark levels.

So, the main contribution to relaxation broadening

�ðrel Þgg0 comes from direct transitions between Stark

components within multiplets J and J0, i.e. from

interaction terms V(1)u. (The exceptions are closely-

spaced J- and J0-multiplets and the cases with

Jþ J0< 2; see selection rules below.) Thus, we can

write for optical transitions Ji, J0j:

�ðrel ÞðJi , J 0j Þ ¼
1

2

X
i 0

WðJi! Ji 0 Þ þ
1

2

X
j 0

WðJ 0j! J 0j 0 Þ

ð14Þ

with

WðJi! Ji 0Þ ¼
1

�h2

X
�	SS 0

JijV
ð1Þ
S�jJi

0
� 	

Ji 0jV
ð1Þ
S 0	jJi

� 	

�

ð1
�1

expði!ii 0 Þ uS�ð�ÞuS 0	
� �

d�: ð15Þ

Subscripts i, i0 ( j, j0) here identify the Stark components

of the J-multiplet (J0-multiplet):

jJiÞ ¼
X
M

C
ðiÞ
MjJMÞ, ð16Þ

and �h!ii 0 ¼ EJi � EJi 0 � Dii 0 is the energy difference of

Stark components.
In the framework of the crystal field model of

the electron–lattice interaction the term V
ð1Þ
S� can be

written as

V
ð1Þ
S� ¼

X
km

B
ð1Þ
kmS�

X
a

Ykmð
aÞ, ð17Þ

where Ykm is a spherical harmonic and na is an

instantaneous radius vector of the a-th 4f-electron with

respect to the nucleus of the rare-earth ion. Therefore,

the matrix elements hJijV
ð1Þ
S�jJi

0i can be represented as:

JijV
ð1Þ
S�jJi

0
� 	

¼
X
km

B
ð1Þ
kmS�

X
C
ðiÞ	
M C

ði 0Þ
M 0 JMj

X
a

Ykmð
aÞjJM
0

 !
:

ð18Þ

According to the Wigner–Eckart theorem [28]�
�JM





X
a

Ykmð
aÞ





� 0J 0M 0

�

¼ ð�1ÞJ�M
J

�M

k

m

J 0

M 0

� �
l jjYkjjlð Þ �JjjUðkÞjj� 0J 0

� �
,

ð19Þ

where

l Ykk kð lÞ ¼ ð�1Þl
l
0
k
0
l
0

� �
ð2lþ 1Þð2kþ 1Þð2lþ 1Þ

4�

 �1=2
,

ð20Þ

and � are the quantum numbers not associated with
the angular momentum J.

In Equations (19) and (20), l is the orbital angular
momentum of the optical electron (l¼ 3 for the 4f-
electron); J

�M
k
m

J 0

M 0

��
is the 3j-symbol; and �J UðkÞ

�� ���
�JÞ

is the diagonal reduced matrix element of the unit
tensor operator U(k) of rank k for the transitions within
the 4f-electronic configuration.

2.3. Radiative intermultiplet transitions

According to Judd–Ofelt theory [29,30], the rate of
radiative electro-dipole inter-multiplet J!J0 transition
is proportional to the line strength

SðJ, J 0Þ ¼ �2 �J Uð2Þ
�� ���

� 0J 0Þ
2
þ�4 �J Uð4Þ

�� ���
� 0J 0Þ

2

þ�6 �J Uð6Þ
�� ���

� 0J 0Þ
2
:

2.4. Selection rules for U(k)

Matrix elements �SLJ UðkÞ
�� ���

� 0S 0L 0J 0Þ do not vanish
if the ‘triangle rule’ holds:

J� J 0


 

 
 k 
 Jþ J 0: ð21Þ

Hence, the diagonal elements

J UðkÞ
�� ���

JÞ ¼ 0 if k4 2J: ð22Þ

The condition

S ¼ S 0 ð23Þ

and the triangle rule

L� L 0


 

 
 k 
 Lþ L 0 ð24Þ

are not strict selection rules. However, it is often that
SLJ UðkÞ

�� ���
S 0L 0J 0Þ



 

� 1 when the conditions of
Equations (23)–(24) do not hold.

3. Perspective optical transitions in rare-earth ions

It follows from Equations (18)–(20) that the matrix
element Jið jV

ð1Þ
S�jJi

0Þ for a three-valent rare-earth ion is
of the form

JijV
ð1Þ
S�jJi

0
� 	

¼
X
k

0

A
ð1Þ
kS�ði, i

0Þ

�
�J UðkÞ
�� ��:�J	, ð25Þ

with k¼ 2, 4, 6. Correspondingly, the relaxation broad-
ening �ðrel ÞðJi , J 0j Þ of the g, g 0 transition is mainly
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determined by the squares of the diagonal reduced
matrix elements ð�JkUðkÞk�JÞ and ð� 0J 0kUðkÞk� 0J 0Þ.
Below we limit ourselves with the point charge model
where ligands are considered as localized point charges
with an effective q value. In such a model the factors
A
ð1Þ
kS�ði, i

0Þ are proportional to ð
k=RkÞ where 
k is the
mean value of the kth power of the 4f-electron radius 

and R is the equilibrium rare earth ion–ligand distance.
Correspondingly, the relative contributions of the
squares of ð�JkUðkÞk�JÞ and ð� 0J 0kUðkÞk� 0J 0Þ matrix
elements are proportional to ð
k=RkÞ

2. Due to the
inequality ð
2=R2Þ

2� ð
4=R4Þ
2� ð
6=R6Þ

2 which evi-
dently holds true for the rare-earth ions in solids, in the
frame of our model we can neglect the broadening
caused by terms depending on the diagonal reduced
matrix elements ð�JkUðkÞk�JÞ and ð� 0J 0kUðkÞk� 0J 0Þ with
the value of k greater than k¼ 2, so we have that in our
model the relaxation broadening is determined only by
the squares of the expressions ð�JkUð2Þk�JÞ and
ð� 0J 0kUð2Þk� 0J 0Þ.

Analogous analysis shows that this same conclusion
remains valid also for the adiabatic broadening where,
as we have stated above, the contributions to �ðad Þgg 0 come
either from quadratic V(2)u2 terms or, in the second
order of the perturbation theory, from linearV(1)u terms
[23]. Relative contributions of these terms are propor-
tional respectively to ð
k=RkÞ

2 or ð
k=RkÞ
4 hence simi-

larly the terms dependent on the diagonal reduced
matrix elements ð�JkUðkÞk�JÞ and ð� 0J 0kUðkÞk� 0J 0Þ with
the value of k¼ 2 contribute most.

All this means that, under otherwise equal condi-
tions, the rate of the one-phonon relaxation transition
will be the greater, the greater the value of ðJkUð2ÞkJÞ2

is and, correspondingly, for a given RE ion the
broadening of the optical transition J, J 0 will be
the smaller, the smaller the matrix elements ðJkUðkÞkJÞ
and ðJ 0kUðkÞkJ 0Þ are, all other factors being the same.
Analysis of optical transitions J, J 0 from this point
of view will be given in the next section.

3.1. Pre-selection of perspective optical transitions
for real rare-earth ions

Direct connection between the dephasing in RE ions
(or Stark–Stark transition spectral line broadening)

and individual properties of their electron transitions,

which was established above, makes possible a prelim-

inary selection of the most perspective transitions for

performing quantum informatics experiments: using

the known values of the squares of matrix elements

ð�JjjUðkÞjj�JÞ2 with k¼ 2, 4, 6 (below we will refer to

these values simply as, respectively, U2, U4 and U6)

we have selected strong enough and having relatively

small decoherence electronic transitions. We took into

account the transitions with an energy not essentially

greater than 30,000 cm�1, i.e. the spectral range where

most existing lasers operate. Besides, we did not

consider transitions to/from levels having the next

lower level closer than 500 cm�1 (to which fast relax-

ation may occur). The values of U2, U4 and U6 for

gadolinium and thulium ions were taken from the

tables given by Carnall et al. [31]; for all other

rare-earth ions the squares of corresponding matrix

elements have been calculated anew following the

procedure presented in [32,33] (a part of the values

pertinent for erbium and neodymium ions actually can

be found in these earlier papers) and using the

parameters of the Hamiltonian (quasi-free ion approx-

imation) given in [34,35]. Details of these calculations

will be published elsewhere.
To summarize again: in the frame of our model the

high value of any one (or few) matrix elements U2, U4

and U6 is enough to ensure the strong optical

transition between inter-multiplet levels while the

Stark–Stark transition within one multiplet can be

characterized by the matrix element U2 alone, because

the influence of elements U4 and U6 is of higher order

and can be neglected. Of course, ‘strong optical

transition’ is a relative term, so in practice we were

obliged to limit ourselves to certain concrete values of

matrix elements at question to judge whether a

transition is strong or not. All relevant values are

given in our tables and figures below. Roughly, we may

say that the transitions with the values of U2, U4 and

U6 (or their sum) exceeding approximately 0.15 were

considered as strong enough for all rare-earth elements

except some of samarium. This is justified by the

circumstance that the decoherence-related inter-level

U2 values for samarium are also considerably (at least

Table 1. Parameters of perspective optical transitions in Tm3þ and Gd3þ.

Ion
Initial
level

Gap to
the next
lower
level
(cm�1)

U2 of
intralevel
transitions

Final
level

Gap to
the next
lower
level
(cm�1)

U2 of
intralevel
transitions

Energy of
the transition

(cm�1)

Transition
matrix
elements

U2, U4, U6

Gd3þ 6P5/2 595 0.03 6I7/2 2551 0.005 3122 U6¼ 0.707
Tm3þ 3F4 5610 0.01 3P0 750 0 29,824 U4¼ 0.27

170 T.T. Basiev et al.
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five times) smaller than their homologues for other
rare-earth ions.

Following this procedure, we have found only one
appropriate transition for Gd3þ and one for Tm3þ ions
(see Table 1 and Figures 1 and 2). For Gd3þ ions, it is
an optical transition in the middle infrared, between
6P5/2 and 6I7/2 levels. It has a high value of matrix
element U6¼ 0.707, which allows us to expect a
considerable value of the optical transition dipole
moment in non-centrosymmetrical crystals.
Meanwhile, the matrix elements of Stark–Stark tran-
sitions of the initial and final states are very small: U2
(6P5/2–

6P5/2)¼ 0.03 and U2 (6I7/2–
6I7/2)¼ 0.004. At the

same time, the energy gaps to the next lower levels are
fairly large (595 and 2551 cm�1), limiting the rate of the
multiphonon downrelaxation in crystals with a short
phonon spectrum. A similar situation occurs for Tm3þ

Figure 1. Perspective optical transitions in Gd3þ:
6P5/2!

6I7/2.

Figure 2. Perspective optical transitions in Tm3þ: 3F4!
3P0.
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ions with the difference that the optical transition lays

in the ultraviolet range h�¼ 29,824 cm�1, connecting

the 3F4 and 3P0 levels. The matrix element of this

optical transition (defining the transition strength and

dipole moment value) is also quite big (U4¼ 0.27), and

Stark–Stark are still weaker: U2 (3F4–
3F4)¼ 0.01;

U2 (3P0–
3P0)¼ 0. Gaps to lower levels are also large:

5610 and 750 cm�1.
The situation is somewhat more diverse for Pr3þ and

Sm3þ ions (see Table 2 and Figures 3 and 4). Here the

transitions from the ground state are not presented, due

to the fact that the matrix elements U2

(3H4–
3H4)¼ 0.7788 and U2 (6H5/2–

6H5/2)¼ 0.3879 are

big and account for the fast decoherence of the ground

state. In some cases, wider spectra can be of interest for

practical use in laser materials and luminophores

(for example, a large broadening value is useful for

broadband and tunable lasing), but in the case of

quantum experiments decoherence is the main limita-

tion. For Pr3þ ions, the optical transition 3F4!
1G4

(h�¼ 5912 cm�1, U4¼ 0.14; U6¼ 0.357) could be of

interest due to a smaller than expected decoherence and

spectral line broadening, which is because U2

(3F4–
3F4)¼ 0.0135 and U2 (1G4–

1G4)¼ 0.0004. Also,

we chose the optical transition 3F2!
3P0 (U2¼ 0.2954;

h�¼ 15,557 cm�1) with U2 (3F2–
3F2)¼ 0.06 and U2

(3P0–
3P0)¼ 0, and a somewhat stronger optical transi-

tion 3F3!
3P1 (U2¼ 0.57; U4¼ 0.1964;

h�¼ 14,790 cm�1), which, however, also has a faster

dephasing: U2 (3F3–
3F3)¼ 0.0625, U2 (3P1–

3P1)¼ 0.16.

While for Sm3þ we can find a number of slowly

relaxing levels with the weak expectable decoherence

U2¼ 0.002–0.006, the optical transitions themselves are

also weak (U2¼ 0.01–0.06).

Table 2. Parameters of perspective optical transitions in Pr3þ and Sm3þ.

Ion
Initial
level

Gap to
the next

lower level
(cm�1)

U2 of
intralevel
transitions

Final
level

Gap to
the next

lower level
(cm�1)

U2 of
intralevel
transitions

Energy of
the transition

(cm�1)

Transition
matrix
elements

U2, U4, U6

Pr3þ 3F2 653 0.0618 3P0 3866 0.00 15,557 U2¼ 0.2954
3F3 1391 0.0625 3P1 624 0.01607 14,790 U2¼ 0.5714

U4¼ 0.1964
3F4 433 0.0135 1G4 2912 0.0004 2912 U2¼ 0.0796

U4¼ 0.1471
U6¼ 0.3574

Sm3þ 6F5/2 492 0.001 4P25/2 1188 0.006 25,598 U2¼ 0.023
U4¼ 0.049

6F7/2 848 0.003 24,750 U2¼ 0.014
U4¼ 0.028

4F33/2 964 0.002 4P21/2 918 0.006 12,259 U2¼ 0.058
4H17/2 698 0.009 4I29/2 467 0.002 9074 U2¼ 0.047

U4¼ 0.061
U6¼ 0.061

Figure 3. Perspective optical transitions in Pr3þ.
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Figure 4. Perspective optical transitions in Sm3þ.
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For Nd3þ ions, the matrix element U2¼ 0.8979
predicts a strong optical transition from the ground
level 4I9/2 (U2¼ 0.12) to the 4G5/2 level (U2¼ 0.003, the
gap to the nearest lower level is 1123 cm�1) with the
transition energy h�¼ 17,036 cm�1. Besides, in Nd3þ,
the very strong transition from the 2H211/2 level
(U2¼ 0.011) to the 2F27/2 (U2¼ 0.05) level is sug-
gested, due to the elements U2¼ 0.95 and U4¼ 1.00.
Among the transitions with smaller energies, we point
out the strong transition (U2¼ 0.483, U4¼ 0.044,
h�¼ 5640 cm�1) from the 4F3/2 level (U2¼ 0.062) to
the same 4G5/2 level. Besides, some more transitions
that satisfy our conditions have been found in Nd3þ

(see Table 3 and Figure 5).
The situation when transitions from a few differ-

ent levels to the same one with the small decoherence
seem effective repeats for the following rare-earth ions:
Er3þ, Dy3þ and Eu3þ (see Figures 6–8, respectively).
For example, for Er3þ ions, three transitions to
the 4D5/2 level (U2¼ 0.001) are found: from 4S3/2
(U2¼ 0.037), 4F5/2 (U2¼ 0.015), 4G9/2 (U2¼ 0.001)
levels. The matrix elements of these transitions
are about 0.2, and the gaps to the nearest lower
levels (3217 cm�1, 1652 cm�1 and 978 cm�1) promise
reasonable probabilities of multiphonon relaxation
(Table 4).

In Dy3þ ions, very dense disposition of levels makes
the selection by the gap to the next lower level
essential. Two pairs of transitions – to 2H19/2
(U2¼ 0.00) and 6P3/2 (U2¼ 0.04) – satisfy our
demands. Details on the transitions are shown in
Table 5 and Figure 7. Let us note that, along
with relatively small interlevel gaps, the matrix ele-
ments of inter-Stark transitions U2 are close to zero
and are minimal among the selected transitions in

all ions of the series, which promises adequate
dephasing times.

Three transitions satisfying our conditions have
been chosen in Eu3þ: two from 5D2 level and one from

Table 3. Parameters of perspective optical transitions in Nd3þ.

Ion
Initial
level

Gap to
the next

lower level
(cm�1)

U2 of
intralevel
transitions

Final
level

Gap to
the next

lower level
(cm�1)

U2 of
intralevel
transitions

Energy of
the transition

(cm�1)

Transition
matrix
elements

U2, U4, U6

Nd3þ 2P1/2 1576 0 2F27/2 1422 0.05 16,787 U4¼ 0.17
2H211/2 1189 0.011 23,883 U2¼ 0.95

U4¼ 1
4G5/2 1123 0.003 4D3/2 2053 0.007 11,146 U2¼ 0.179
4S3/2 721 0.0006 14,853 U2¼ 0.23
4S3/2 721 0.0006 4G5/2 1123 0.003 3707 U2¼ 0.177
4F5/2 1047 0.044 4593 U2¼ 0.268

U4¼ 0.129
4F3/2 5446 0.062 5640 U2¼ 0.483

U4¼ 0.044
4I9/2 0 0.12 17,036 U2¼ 0.8979

U4¼ 0.409
U6¼ 0.036

Figure 5. Perspective optical transitions in Nd3þ.
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5D0 level (U2¼ 0.003), which is spaced from all lower-

energy levels by at least 12,000 cm�1 (see Table 6 and

Figure 8). Note, that electric-dipole transitions 7F0 $
5DJodd,

7FJodd $
5D0 and 7F0 $

5D0 in Eu3þ are

forbidden within the standard Judd–Ofelt theory (see

[36–38] and references therein), and for this reason we

did not consider the transitions involving the ground

state multiplet 7F0 of the europium ion.

4. Conclusion

Strong optical transitions with relatively small deco-
herence rates in rare-earth ions have been selected
based on matrix elements U2, U4 and U6. Theoretical
justification of the selection procedure, together with
its applicability area and limitations, are presented.
As a result, we propose a sufficiently large number of
optical transitions in rare-earth ions which look quite
suitable for QIP experiments.

What, however, came as some surprise, at least for
the authors of the present paper, is the fact that
transitions involving the ground state of ions are not
present in our list apart from only one transition, viz.
the 4I9/2–

4G5/2 transition of Nd3þ, a transition which
has been used by us for first QIP experiments based on
resonant interactions between RE ions [39], and where
quite large decoherence T2 times equal to 6.3 ns for a
temperature of 9K and to 1.2 ns for the temperature of
18K have been experimentally measured in CaF2

crystals even for a pair of neodymium M-centers [40].
It turns out that for all such transitions, including
those which are actually used or considered to be used
in QIP-type experiments, such as 3H4!

1D2 in Pr,

Figure 7. Perspective optical transitions in Dy3þ.Figure 6. Perspective optical transitions in Er3þ.
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4I9/2!
4F3/2 in Nd, 4I15/2!

4I13/2 in Er (‘telecom’

transition) and 3H6!
3H4 in Tm ions (our list is not

exhaustive; see [2,3] for original references), the ground

level is characterized by rather large U2 matrix element

and thus is prone to rapid decoherence. This statement

does not contradict the fact that very narrow kilohertz-

range homogeneous linewidths were reported for

aforementioned transitions in Pr [41,42] and Er

[43,44] ions in some crystals. (Here we do not discuss

the europium ion transition because this one can not be

described by our approach, as has been indicated in the

previous section. Nevertheless, it is worth underlining

that this 0-0 transition, forbidden within the standard

Judd–Ofelt theory, is much weaker than a typical

transition allowed in this approximation, so in any case

it would be disregarded by us as not ‘strong enough’.)

All these measurements were performed at extremely

low temperatures, of the order of 2K or less, and

sometimes also with the use of a special configuration

magnetic field [42] to decrease the influence of inter-ion

interactions; in this sense such results can not be used

to confirm or infer the conclusions of the present

paper.
The insufficiency of the experimental decoherence

data pertinent for the rare-earth ion transitions in

crystals and taken in an interesting for us temperature

range, around 6–50K, makes direct comparison of our

results with experiment not an easy task. However, we

believe that the following example is rather instructive.

For Pr3þ ions in LiYF4 crystals, the experimentally

measured values of the coefficient �� expressing the

efficiency of the electron–phonon coupling in the

context of the Raman process (of course, this process

is different from direct electron–phonon transitions

analyzed here, but they are nevertheless connected with

each other) is more than five times smaller for the ‘pre-

selected’ transition 3F2!
3P0 than it takes place for the

non-selected and used in QIP transition from the

ground level, 3H4!
1D2: they are equal, respectively,

to 30 and 161 cm�1 [16,17]. (Moreover, this same

Figure 8. Perspective optical transitions in Eu3þ.

Table 4. Parameters of perspective optical transitions in Er3þ.

Ion
Initial
level

Gap to
the next
lower
level
(cm�1)

U2 of
intralevel
transitions

Final
level

Gap to
the next
lower
level
(cm�1)

U2 of
intralevel
transitions

Energy of
the transition

(cm�1)

Transition
matrix
elements

U2, U4, U6

Er3þ 4G9/2 978 0.001 4D5/2 2001 0.001 11,095 U2¼ 0.203
U6¼ 0.032

4F5/2 1652 0.015 16,499 U2¼ 0.175
4S3/2 3217 0.037 20,111 U2¼ 0.212

U4¼ 0.012
4I9/2 2161 0.002 2H211/2 796 0.002 6877 U2¼ 0.208

U6¼ 0.286
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coefficient for the transition 3F2!
3P0 is actually the

smallest among the six transitions of praseodymium
ion investigated in [16,17] while that for the non-
selected QIP transition is the largest amongst them.)
This seems quite natural from the viewpoint adopted in
the present paper: the total of U2, U4 and U6 values of
3H4–

1D2 transition (0.0717) is about 10 and 5 times
smaller than U2 values within levels 3H4 and 1D2

correspondingly while the situation for 3F2!
3P0 is

much more favorable (see Table 2). Of course, the use
of transitions not involving the ground state, many of
which are pre-selected here, requires step-wise laser
excitation schemes, but laser step-wise excitation of
rare-earth ions in crystals is nowadays well established
and quite often used for realization of electromagnetic-
induced transparency, study of the high-lying energy
levels and so on [14]. In many cases this may present
less experimental constraint than the necessity to reach
very low temperatures to get rid of the electron–
phonon interactions.

We would like to finish by repeating what has
been already said above: we believe that the results
presented on pre-selection of rare-earth ion optical
transitions most suitable for QIP experiments will be
useful for the specialists in the field, but detailed
theoretical and, of course, first of all also experimental

study of all the corresponding transitions still needs to
be undertaken prior to their practical use.
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